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Absorption of Sound near Abrupt Area Expansions

L. D. J. Dupére* and A. P. Dowling®
Cambridge University, Cambridge, England CB2 1PZ, United Kingdom

Sound incident onto an abrupt area expansion in a channel is investigated both numerically and analytically. In
the presence of a mean flow, the incident sound leads to unsteady vortex shedding from the lip of the expansion,
thereby converting acoustic into vortical energy. We use an acoustic analogy and Green’s functions to determine
the sound reflected and transmitted across the area change. We compare predictions obtained from three different
Green’s functions with source terms derived either using a simple analyticalmodel or from a numerical calculation.
The compact Green’s function, with zero normal derivative on the duct walls, gives the best results for a low-Mach-
number flow. This Green’s function contains a singularity at the lip of the expansion (and hence acoustic sources
near the lip have the greatest effect). This means that our estimate of the overall vorticity field can be relatively crude,
when using the compact Green’s function, provided it is accurate near the lip. Therefore, although predictions
for the radiated sound field made using all three Green’s functions are formally correct, the solution made using
the compact Green’s function is less susceptible to errors in the source terms and gives more accurate results. In
addition, we find that there is a Strouhal number at which sound absorption is maximized and that this absorption
can be enhanced by multiple reflections from the duct ends. Our predictions are compared with an experiment.

I. Introduction

IPEWORK systems of the type used in car and gas turbine

exhausts, or to transport water or natural gas, frequently in-
volve the propagation of acoustic waves and a mean flow. In many
pipework systems there are regions where the flow separates, such
as at an abruptarea change, an orifice plate, or at a side branch.! 8 In
these regions there may be coupling and energy exchange between
acoustic waves and vortical disturbances, leading to absorption. In-
deed, Borth® found, as long ago as 1916, that pressure oscillations
in a duct could be damped using a throttle. Today, devices involving
vortex shedding, such as orifice plates and perforated screens, are
oftenused to absorb sound (see Ref. 2 for a list of devices). In the ab-
sence of a mean flow, the vortex shedding process is nonlinear, and
largelevelsof excitationare required before significant absorptionis
observed.'®” '3 When there is a mean flow, however, the shed vortic-
ity is sweptdownstream, and the strength of the vortex sheet formed
depends linearly on the amplitude of the incident sound waves. Un-
der these circumstances, significant absorptionis observed even for
modest levels of excitation.!4~16

In this paper we investigate this energy exchange for a simple
two-dimensional flow past a backward-facing step with flow using
an acousticanalogy from Howe'* to relate the acoustic sources to the
shed vorticity. Initially, we consider two semi-infinite channels of
heighth and H (h < H) joinedat y; =0. There is a mean flow along
the channel that separates at the rearward-facingstep. We determine
the transmission and reflection of an incident sound wave at the step
including the effects of the mean flow. This problem is investigated
both numerically and analytically.

Vortex-soundinteractionis of fundamentalinterest in aeroacous-
tics, and this simple geometry enables us to investigate solution
techniques and compare theoretical results with experiment. To re-
late the sources from the acoustic analogy to the sound that radiates
away from the junction, we must introduce a suitable Green’s func-
tion for the pipework system. The choice of Green’s function is
crucial to the solution, and three different Green’s functions are cal-
culated. Two of these are derived from expansionsin terms of modes
of straight-walled semi-infinite pipes, whereas the remaining one,
the compact Green’s function, satisfies boundary conditions of zero
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normal velocity on all rigid surfaces. The compact Green’s function
has a singularity at the lip of the expansion, and so sources near the
lip have a greater effect on the sound that radiates to the far field
than those farther away. This is important because it implies that,
when using the compact Green’s function, our prediction for the
vorticity field, whether from an analytical model or from a numer-
ical calculation, can be relatively crude provided that the vorticity
near the lip is accurately predicted. As a result, we postulate that the
most accurate results will be obtained using the compact Green’s
function. The calculation of these Green’s functionsis discussedin
Sec. III.

The vorticity field is obtained in two ways: using an analytical
model (Sec. IV.A) and using computational fluid dynamics (CFD;
Sec. IV.B) with comparison between the two. The analytical model
that we use for the vorticity is that of Howe!” and assumes that
the strength of the shed vorticity is unchanged as it convects down-
stream and it forms an infinitely thin vortex sheet whose strength is
determinedby the applicationof the Kutta condition.In contrast,our
numerical calculation uses a crude zero-equation turbulence model
and the strength of the vorticity diffuses and decays as it convects
downstream as a result of numerical diffusion. Despite the apparent
differences between the two models, we show in Sec. V that the
radiated sound fields, which they predict, are very similar because
of the importance of the region near the lip, provided the compact
Green’s function is used in the calculation of the far-field sound.

Our initial calculations are for two semi-infinite pipes, but pre-
dictions for finite length pipes are obtained in Sec. VI by the in-
troduction of a reflection coefficient at the pipe exit. Solutions for
finite length channels are easily derived from the infinite channel
solutions, which is important because it implies that, for a particular
expansion ratio and Mach number, the infinite channel solution is
all that is required; the solution for any length channel can then be
deduced from this.

We justify our results by comparison with an experiment and
discuss the implication for the absorption of incident sound waves.
In particular, we find, for infinite channels, there is an optimum
Strouhal number at which maximum absorptionis achieved. When
wave reflection from the ends of finite length pipes is included,
channel resonances can amplify this absorption.

II. Acoustic Analogy
Consider the channel system illustrated in Fig. 1. Two semi-
infinite, two-dimensional channels, of heights 7 and H, respec-
tively, are joined at y; =0. A high-Reynolds-number, low-Mach-
number flow passes from the smaller (originatingat y; = —00 ) to the
larger channel (where it is exhaustedat y; = +0 ). A low-frequency
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Fig.1 Two-dimensional flow over a backward-facing step.

incidentplane sound wave, of angular frequency o, propagatesfrom
left to right toward the expansion, where it is partly reflected and
partly transmitted into the larger channel. We wish to calculate the
reflection and transmission coefficients, and hence the absorption
coefficient A, across the expansion when the effects of the mean
flow are included.

The sound generated from a region of isentropic, low-Mach-
number, inviscid flow can be determined by an acousticanalogy.'*- '8
Howe!” showed that the stagnation enthalpy B is a convenient de-
pendent variable: B =c,T + %lvlz, where T is the temperature, p
is the density, and v is the fluid velocity. In a unidirectionalacoustic
wave B’ the fluctuating part of B is related to the pressure perturba-
tion by B’ = p'(1 + M), where M is the mean flow Mach number
in the direction of propagation. In terms of B, the acoustic analogy
takes the form

1 (0o +U 0 B 9’B 0 1 ov; !
c2\or oy ayr ayl.(w”)’ 2ot (@Av) (1)
where c is the speed of sound, 7 is the time, w is the vorticity vector,
and y; is the spatial position in the i direction. In this equation U
is a hypothetical steady potential flow that is equal to the mean
flow as y; — oo (Ref. 18). Terms of the order of the square of the
Mach number have been neglected in comparison with unity in the
derivation of Eq. (1).

The transmission coefficient is obtained from the solution to
Eq. (1) for an observer positioned far downstream of the area
change (i.e., yy — +o00), whereas the reflection coefficient is ob-
tained by considering an observer positioned far upstream (i.e., for
yi— —00).

Physically, the mean flow separates at the abrupt area expan-
sion (y; =0) to form a jet in the larger channel. In addition the
incident sound waves cause unsteady vorticity to be shed at the
lip of the expansion, which is subsequently convected downstream
by the mean flow. It is this convecting unsteady vorticity that pro-
vides the main source term. Applying a Green’s function G(y, 7 |
x,t), in the usual way, enables us to write a formal solution to
Eq. (1):

G (. U; oG
H,(x)B(x,1) = —(2—=B +v;, |- B— |dS; dr
2
PR 0T C ayz

+ / / (ﬁﬁ — E)(C{)/\V)l‘ d3yd‘r (2)
vV

c2 ot o0y;

where S is a fixed control surface bounding the volume V, dS; is
the i componentof the outward normal, v; is the i componentof the
total flow velocity,and H, (x) is unity forx in V and zero otherwise.

Notice that we integrate over the inner flowfield y to obtain the
sound radiated to the far field at x. The sound radiated to a position
(x, ) dependsuponthe volumeintegral of the shed vorticityimpulse
and upon a surface integral involving B and v;. The representation
in Eq. (2) is formally exact for any Green’s function that satisfies
the convected wave equation:

L(2 + U 0 2G i S )o(t ) in V. (3)
—— — - — =06(x — — 1) in
2 \or 0y; 0y? Y
However, by the choice of appropriate boundary conditions for the
Green’s function, we can eliminate some (or all) of the surface

terms in Eq. (2). G(x, y, t, 7) is a reciprocal Green’s function, i.e.,

it is the response at y caused by a sink at the observer position x.
The appropriate far-field boundary condition is therefore

inward wave behavior in the variablesy and 7 as y; — oo 4

This ensures outward propagatingwaves in (x, ¢) and eliminates any
contributions from outgoing acoustic waves in Eq. (2). In addition,
all of the Green’s functions we consider have

oG
FT™ = 0 on the channel side walls (5)
Y2

This eliminates surface contributions from the side walls. Two of
the Green’s functions we use are based upon a straight-walled semi-
infinite duct geometry. For them it is appropriate to apply the repre-
sentation in Eq. (2) separately in the two regions y; >0 and y; <0,
using the control surfaces sketched in Fig. 1. This leads to

H(x)B(x. 1) =_I “I “ /0” [V G
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H(x) is the Heaviside function. By, is the fluctuating stagnation
enthalpy at inlet caused by an incident sound wave propagating
fromleftto right from y, = —oo, where the mean flow Mach number
is M. We have used the fact that the vorticity o is only nonzero
downstream of the step. One of the Green’s functions we use, G,,
satisfies

dy, dys; dt @)

y| = —00

oG, U, oG,
kA, ot Nt

oy ¢z ot on =0 ®)

This boundary condition eliminates the terms involving B at the
junction y; =0. The interactionbetween the ductsis then described
in terms of the axial velocity v, at their junction. For the second
Green’s function G 3, we choose

Gy =0 on y =0 9
With this boundary condition the duct interaction is described via
the values of the stagnation enthalpy B at the junction. The third
Green’s function we use G, is a compact Green’s function, which
satisfies 0G./on =0 on all of the rigid walls. Then 8G./0y; =0
ony, =0,h — H <y, <0and G, and its derivativesare continuous
across y; =0, 0 <y, <h. The surface integralsat y; =0 in Egs. (6)
and (7) are then equal and opposite, and after adding these two
equations we obtain

Vi aGL aGL 3
B(x,t) = =5 —a— (o Av); d’ydr
vV c T Yi

0 0 aGL
- 2(1 + Ml)Bma— dy,dy;dr (10)
ool — Vi

00

To complete our solution, we need to determine the Green’s
functions (which we can do analytically a priori) and the vortical
flowfield (which we can obtain either analytically or numerically).
We start by calculating the Green’s functions.
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III. Calculation of the Green’s Functions

Because the problem is essentially a two-dimensional one, the
source terms are independent of the 3 direction. The integration
over y; in Eq. (10) can be performed by using the two-dimensional
Green’s functions, which describe the effect of a line source. The
Green’s functions discussed next satisfy the two-dimensional wave
equation.

A. Green’s Functions for Straight-Walled Pipes

G, and G are calculated by separating G into two: one function
valid for y; < 0 and one for y; > 0. In these cases we allow U to be
discontinuousat y; =0 and write

U =(U,00), » >0

=(0,,0,0), n<0 1
where U, =U,h/ H. The boundary conditionsat y; =0 are written
in general form so that we can calculate G, and G  simultaneously:

0G 0G

— =oG + p— on
oy ot

First we calculate the case for x;, y; > 0. Condition (5) is satisfied
by expanding G as a Fourier series in y,, and the behavior in time
is expressed by writing G as a Fourier transform. Thus we have

» =0 (12)

e 1
Gy, t|x, 1) = Z/ —a,(y, o | x,1) cos(nzyz)exp(ia)r) do

2r
(13)

Substituting Eq. (13) into Eq. (3) and solving subject to conditions
(4) and (12) (Ref. 18):

n=0

iS,, cos(mnx,/ H)

a, = T a— {exp(i5m|Y1 - x)

Oy — kM, + 0 —ia
5, + kM, — 0B + i

explid,(y1 + x1)] }

Xexpl—iwt + ikMy(y, — x1)] (14)

where k = w/c, M, =U,/c, and S, =%, S,=1,m>1, and §, =
JIk? = (mm/ H)*]. When §,, is complex, the root s to be chosen to
have positive imaginary part. Equation (14) combined with Eq. (13)
define the Green’s function G for y;, x; > O forthe generalboundary
condition at y; =0 given by Eq. (12). Similarly for y, x; < 0,

Gy, t|x,1) = i / b, (y1, o | x, t)cos(mzyz)exp(iwr)dw
" (15)
by = iS,,,coséﬂ {eXp(imel - xil)
Vm
+ Z J:I;Zi ;Zﬁ J_r iz expl—iy,(y1 + xl)]}
Xexp[—iwt +ikM(y, + x;)] (16)

where ¥,, = +/[k? — (mz/ h)?] and the root is chosen to give a pos-
itive imaginary part if y,, is complex. Equation (16) combined with
Eq. (15) define the Green’s function G for y, < 0 for the general
boundary condition at y; =0 given by Eq. (12). For large |x;| we
can derive a simpler form of the Green’s function for use with low-
frequencysources.For frequenciesat whichk H < 7, all modes with
m >1 decay as |x;| — co. Then the Green’s function just consists
of plane wave terms, m =0. For the velocity and enthalpy Green’s
functions that satisfy the boundary conditions in Egs. (8) and (9),
further simplification is possible.

The boundary conditions for the velocity Green’s function G, are
given in Eq. (8) and are equivalent to the general form in Eq. (12)
with

a=0, B =2M/c (17)

whereas those for G 3 in Eq. (9) can be written as
p=oo (18)

Applyingthesetwo formsin turnto the plane wave terms in Eqs. (13)
and (15) leads to a simple approximate form of the Green’s function
for use with low-frequency sources. In particular,

VG, _ Ot —7—(x; —yD/c(1 + My)]
VGy | ™ 2H(1 + M,)

a =0,

_ Ot =t —xi/e(1+ My) = yi/c(1 = My)] ).
N 2H(1 — M)

x>y =0 (19)

VG, _ folt — 7+ (xi —y))/c(1 = My)]

_ Ot =+ xi/c(1 = My) + yi/c(1+ M)] ).
* 2h(1 + M)

X <y <0 (20)

190G,
€ 0T |, o+ =i5t—‘r—L,
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190G,
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h

y1 =0

X <0

(22)
where the upper signs of the right-handside are for G, and the lower
for G 3. The downstream radiated sound field can now be found by
using the Green’s functiondefined by Egs. (19) and (21) into Eq. (6),

whereas the upstream radiated sound field can be calculated by sub-
stituting G, from Egs. (20) and (22) into Eq. (7).

B. Compact Green’s Function
An exact Green’s function G(x, | y, 7) satisfies

1 (2 o\ . %G
=l +Ui— ) G — — =8&(x1 —y1)8(x2 — y2)o(t — 1)

c? oy; oy;
(23)
with the boundary conditions
inward behaviorin (y, 7) at infinity (24)
oG
= = 0 on the channel walls 25)

U(y)isnow continuousand describesa hypotheticalsteady potential
flow through the expansion.

In the Appendix we find an approximation to the exact Green’s
function for use with low-frequency sources (Fig. 2). It is derived
making use of the velocity potential ®(y) for incompressible flow

Sink at x

jorp_; i } 1yl OF
Cel®T(1—jeY, /c) | /h u :,De (I+6Y,/c)

c/o>> L>>H

Fig.2 Green’s function for x in the inner flowfield.
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past the rearward-facing step and an approximation appropriate for
low-frequency waves.?>~27 For x in the far field and y near the step,
we show that the Fourier transform of G.(x, ¢ | y, 7) is given by

exp{iolt —t —x;/c(1 — M)])

ik(H + h) [+ ko]

(A?L. expior) = —

x <0 (26)

_ _expliofr — 1+ xi/c(1 + My)]}
= ik(H + h)

X 11 'thD
— ik »

® can be calculated using a Schwarz-Christoffel transformation,'
which maps z =y, + iy, into a transformed variable {. With x in
the far field, potential flow through the channel is determined by a
point source at { =0 and so @ oc u&. The solution that satisfies
d— YiasY;— oo is

0 < x; 27)

® =(H/7m) g (28)
where ¢ is conveniently expressed in terms of a new variable s:

2= (H/hy

s2—1

(29)

and s is defined through the relationship

H 1+s h H/h+s .
() e oo

Alternative forms for G, appropriate for use when x and y are both
in the far field and when they are both in the near field are given in
the Appendix.

IV. Calculation of the Source Field

Equation (2) relates the far-field sound to the vorticity impulse
[characterizedby V - (@ A v)]. The vorticity impulse is obtained by
two different methods: using an analytical model (Sec. IV.A) and
from a CFD calculation of the flowfield (Sec. IV.B). Because we
are concerned with the transmission of an incident sound wave, we
restrict our attention to the vortex shedding caused by the incident
sound.

A. Analytical Description of the Source Field

Conformal transformation shows that, in inviscid flow, sound
waves incident from upstream or from downstream of the sudden
area expansion give rise to a singularity in velocity of the form
(Iyl/ B)=3 near the lip of the expansion (for an origin at the lip).
In reality, however, viscous effects lead to the shedding of unsteady
vorticity from the lip, thereby suppressing this singularity. This un-
steady vorticity subsequently convects downstream with a velocity
of approximately 0.6ii. We follow Howe’s approach'* and approx-
imate this unsteady vorticity distribution by an infinitesimally thin
vortex sheet convecting away at a velocity i.. Such a vortex sheet
also leads to a singularity in the velocity of the order ([y|/ h)~"3.
The strength of the vorticity is then determined by applying the un-
steady Kutta condition so that both singularitiesexactly cancel each
other at the lip.

The vorticity source term V - (@ Av) is approximated in a way
suggested by Howe.!* For low-amplitude sound waves the the un-
steady flow can be linearized as follows:

Vi@Av)=V-(@Aa)+V -(d Aa)+V-(@Ad) (31

Howe argues that for a mean shear layer, which is thick in compar-
ison with (2v/ )"/, the thickness of the acoustic shear layer,?’ the
third term on the right-hand side of Eq. (31) is small in compari-
son with the second and may be safely neglected. This assumption
is confirmed by the numerical calculation in Sec. IV.B, where the
third term is found to be, at most 6% of the second term. Follow-
ing Howe,'* the unsteady part of the shed vorticity is modeled by

assuming that it forms an infinitesimally thin vortex sheet, which
simply convects downstream at a velocity i, as just described:

o = H(y)8y)oexpl—io(t — y/i)k (32)

where o is the strength per unit length of the vortex sheet, H(y) is
the Heaviside function, 8(y,) is the Dirac function, and k is the unit
vectorin the 3 direction. The vorticity strength o is to be determined
by the imposition of the unsteady Kutta condition at the lip of the
expansion.

To apply the unsteady Kutta condition, we need to determine
the unsteady velocities that would be induced by the potential flow
caused by an incident plane sound wave propagating toward the
expansion from y; =—o0. We then add the effect of the convected
vorticity and choose o so as to make the total velocity field finite.
We can calculate the unsteady velocity from Crocco’s form of the
momentum equation:

Voo = 2Z k(@) (33)

—— =—iov; = — + (0 AV);
ot ! axi

in inviscid, isentropic flow. The unsteady velocity and stagnation

enthalpy are then decomposed into terms directly caused by the

incident sound wave and those caused by the shed vorticity:

Vl/‘ = Vz{,in' + Vi,vorl (34)
B = Bin‘ + Bvorl (35)
where

0By,
—iwv], = (36)

’ o0x;

. 0 Byor
—1WV; yort = 2 + (CO/\ V)i(x) (37)
Xi

VB (x =0) can be determined by substituting for G, from
Eq. (A23) into Eq. (10) and differentiating in the absence of any
source terms, i.e.,

3B,,(0, 1) d 3G,
SPwmlDl) 9 21 + My) Byt ds; dr
ox; ox; 1.l AU N

(38)
Because By, = Byexp{—ilot — ky,/(1 + M,)]}, this leads to

, 2B, 3G,
vie(0,1) = — ——(0,¢t |y, 7)dS; dr (39)
’ g € 0Xx;

(0G./9x;)(0, ¢t | y, 7) is obtained by differentiating Eq. (A23) to
give

G, .
0,7 |y, 1) exp(—iw7))
0x;

_ —explio(t’ — 1] [aCD(O) _ la¢(0) exp(=ikY,)

H+h aX, c aX,

_ —explio(z’ = 1')]
N H+h

because ¢(X) = U,®(X). S(x =0) =R(s) —jI(s), wherej is a unit
vectorin the two directionand s is relatedto z throughEq. (30). S has
a singularity of the form |z|~!/3 near x =0. Rewritingin (x, y, ¢, 7),
we have

(1 + M))S(x =0)exp(—ikY;) (40)

—explio[t —t — y,/c(1 + M)]}

c

(0,1 |y, D) exp(—iar) =

0x; H+h
X(1+ M,)S(x =0) (41)
2h(1 + M
v (0,1) = ﬁ&) exp(—iwt)S(x =0) (42)

Similarly, the unsteady velocities induced by the shed vorticity
are obtained by differentiating Eq. (A20):
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. 2°G,
— iV yort = — (o AV); dVdr + (o A v)(x) 43)
viz 0y;0x;

=- ol exp lwyl dy, dt
ayza)C'

) (x1)6(x2)

+ oil, exp(

=—Ici.S(x =0)exp(—iot)

i wx;
+ oii, exp ( )H(X1)5(X2) (44)
where
*© i wy;
I, =/ exp( — )Iz dy, (45)
0 U
-7 ¢ . hlH
Lb‘%{ﬁﬂc—w+”(H+h_MO}”“mFT
For y;— 0

es(1, 0) _
[ 1 sy, O] ~ 0y |73)
Hence, although the integrand is singular at y; =0, it is integrable
and hence I is finite.
Asboththe incidentwave and the shed vorticity have a singularity
of the type S(x =0), the unsteady Kutta condition implies

o _[2h(1+M2)

By,  lca.cH + 1, (46)

The integralin Eq. (46) is evaluatednumerically to give the unsteady
vorticity strength o. Checks were made to ensure that the result is
independentof both the upper limit of integration used and the step
length.

Once we have determined o, and hence approximated for the
source distribution, we can substitute it into the representation
Eq. (10) to give the far-field sound:

Bvorl = /
0

. X1
Xexp {—za)[t + m]} @7
_nh / "
=5 i

. X1

B. Numerical Calculation of the Source Field

In our numerical calculation of the vorticity field, we use a mod-
ified version of VISQ3D, an unsteady flow solver developed by
Denton.?! This solves the Reynolds-averaged Navier-Stokes equa-
tions using a finite volume, explicit time-stepping approach with
nonreflecting boundary conditions at both inlet and exit. Turbu-
lence is handled using a simple zero-equation turbulence model
based upon mixing length. The numerical solution was driven by an
oncoming plane wave By cos o[t — x/c(1 + M;)], and we use the
resulting flow near the lip as the acousticsource terms in the acoustic
analogy in Egs. (6), (7), and (10). For the compact Green’s function
G. we need only the vorticity impulse, but for G, and G the flow
velocity and stagnation enthalpy at y; =0 are also required.

® oii. exp(iwy/i.)

(H+ h) Ils(y1dy

Gﬁc eXP(iG)Y1/ﬁc)

(H+ h) Ils(ypldy,

V. Absorption Coefficient

One of the most important physical features of the problem de-
scribed in this paper is that acoustical energy from the incident
sound wave is converted into vortical energy in the mean flow by
the shedding of unsteady vorticity from the lip of the expansion.
Investigation of this parameter provides a stringent test of the mod-
eling of sound/vortex interaction because without such interaction

there is no absorption. Hence it is convenient to express our results
as a dependence of the absorption coefficient A on the Strouhal
number St, = wh/ U,. Here the absorption coefficient A is defined
as the fraction of the incident sound energy that is absorbed:

A = IinAl - IrAl - ItAZ (49)

IinAl

where [ is the intensity and the subscriptsin, r, and ¢ denote the in-
cident, reflected, and transmitted sound waves, respectively;and A,
and A, are the areas of the channel upstream and downstream of the
expansion, respectively. The magnitudes of the acoustic intensities
are given by??

PP
Iy = ——"%—— =B} 50
pe(l + My)? " (50
r; »
I, =—"—— =B 51
pc(l — My)? ’ GV
P’ ”
=——F——— =8B 2
po(l+ My &2
where p’ is the acoustic pressure and B’ is the acoustic stagnation
enthalpy.
Thus,
PR+ M)?  pP(1—M)*  pP(l+ My)*(Ay/A))
pia(l+ M) pia(l+ My)? pia(l + M,)?
B? — B? — B?(A,/ A
— in r B/zt ( 2 1) (53)

If the sound field predicted from the analytical calculation is to
agree with that from the numerical calculation, then the vorticity
source fields should agree in the region that has the greatest effect
uponthe radiatedsound. To check this, we compare the two. Because
the model assumes an infinitesimally thin shear layer, however, we
first integrate the vorticity impulse across the shear layer (i.e., with
respectto y,). The computational and the analyticalresults are then
compared as a function of y; for y; >0 in Fig. 3. The agreement
is reasonably good near y; =0, but worsens downstream where the
computationalresultdecaysin magnitude while the analyticalvortex
strength remains unchanged. In reality the vorticity would diffuse
downstreamof the step, butnot as rapidly as predicted by the compu-
tational calculation (where numerical diffusion, particularly in the
coarse grid downstream of y; =20, artificially enhances the decay).
The discrepancy between the two profiles, however, has little effect
upon the radiated sound field because the vorticity generates very
little sound at large distances downstream of the expansion. This is
most readily seen by comparing / VG, -(«/ A @) dy, downstream
to identify the contribution to the acoustic far field. This is shown
in Fig. 4.

! 1 L L 1 1 1 L 1 )

0 10 20 30 40 50 60 70 80 90 100
downstream distance/ (step height)

Fig. 3 Comparison between the integrated vorticity field
J(w' Au), dy, from the computation with the integrated vorticity field
from the analytical solution for St;, = wh/U; =0.08, M =0.25, and an
expansion ratio of 1.34: , analytical, and + , numerical prediction.
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Fig. 4 Comparison between the numerical and analytical calculation
for /VG -(w Au)dy,: ——, analytical,and + , numerical prediction.
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Fig.5 Comparison of the calculated absorption coefficient made using
the three Green’s functions and the computational scheme with the
analytical prediction: , analytical; X, compact Green’s function;
+, pressure Green’s function Gg; and O, velocity Green’s function G,.

Near y; =0, VG, scales as y1_1/3, which integrates to a negligi-

ble term for small y,. Thus the discrepancy near y, =0 has little
effect upon the radiated sound field. The gradient of the Green’s
function decreases rapidly away from the lip, and so it is only in the
region just downstream of the step that the vorticity source term has
a significant effect. Notice that, after weighting with the compact
Green’s function, the agreement between the two weighted source
terms in Fig. 4 is much better than the agreement seen in Fig. 3.
Hence, despite the differencesbetween the two models, the radiated
sound fields they predict are very similar. This is the major advan-
tage of the compact Green’s function: it is relatively insensitive to
inadequaciesin the vorticity calculation because of the dominance
of the region near the lip in the Green’s function.

The calculatedresults for the absorptioncoefficient (three compu-
tational using three different Green’s functions and one analytical)
are shown as a function of Strouhal number in Fig. 5 for a Mach
number of 0.25 and an expansion ratio of 1.34. All four methods
show negligible absorptionat very low and very high Strouhal num-
bers and a maximum absorption over a range of Strouhal numbers
between 0.05 and 0.085, based upon step height. When the compact
Green’s function is used, the agreement with the analytical form
is to within 7% near maximum absorption. The error increases to
25% for low Strouhal number, but this is partly because of the larger
bandwidth of absorption predicted by the analytical model. When
G is used, the error near peak absorption is approximately 12%,

1

Infinite channel absorption coefficient

& i 1 1 1 ] 1 1 1
0 001 002 003 004 005 008 007 008 009 01
Strouhal number based upon step height

Fig.6 Predicted absorptionfor an expansion ratio of 1.34 and a Mach
number of 0.25 and varying displacement thickness: + , 6* = 3.5 mm,
and O, 6*=4.5 mm.

increasing to 60% for low Strouhal numbers. Again, this is partly
explained by the broader range of Strouhal numbers predicted by
the analytical model. When G, is used, however, the agreement is
terrible.

The poor performance of G,, for which 6G/dy; =0 on y; =0,
is explained as follows. For this case the representationtheorems in
Eqgs. (6) and (7) containan apparentmonopole sourcetermat y, =0.
This source term is small / du,/3¢ dS and is nonzero only because
of weak compressible effects. This small term arises through the
near cancellationon integration of larger point values of 0u,/0t. In
the representation theorem this weak source term is multiplied by
a large Green’s function. If a perfectly accurate description of the
flow were available, this would not matter. Here, however, the small
errors in du;/dt lead to significant fractional errors in the (nearly
zero) integral / (du,/3t) dS and are enhanced by the large Green’s
function. Thus the solution is very inaccurate.

G p, on the other hand, leads to a surface integral involving the
stagnationenthalpy at y; =0, whichis predominatelydipole,i.e., is
multiplied by the small derivatived Gz /0y;. Because the stagnation
enthalpy is significant in this region and it is multiplied by a small
term involving the Green’s function, this approach is less prone
to error than using G,. Hence the agreement with the analytical
expressionis much better than for G, .

G, requires only the integral of the vorticity field and so is the
most accurate of the three Green’s functions.

Figures 3 and 4 are for a Strouhal number of 0.08, near the maxi-
mum absorption. The agreement is less good for Strouhal numbers
away from maximum absorption, where the analytical model over-
predicts the absorption, as is seen in Fig. 5. This is thought to be a
result of using an infinitessimally thin shear layer for the shed vor-
ticity in the analytical model, which is likely to respond to acoustic
forcing over a broader range of Strouhal numbers than a real shear
layer with a finite thickness. To test this, we performed the same
calculation for the same geometry and Mach number, but different
displacement thickness. Results are shown in Fig. 6, where + is
for a displacement thickness of 3.5 mm and o is for a displacement
thickness of 4.5 mm. Note that the thinner boundary layer does
indeed give absorption over a broader range of Strouhal numbers.
In conclusion, there is a great advantage in using compact Green’s
functions because then accurate predictions for the sound field can
be obtained, even with low-order numerical schemes.

VI. Effects of Pipe Resonances
In any real pipework system the pipes will be of finite length.
Reflection from the ends of these pipes will result in sound waves
incidenton the expansionboth from the left and from the right. This
is illustrated in Fig. 7. An incident sound wave B, propagates from
lefttoright toward the backward-facingstep at y; =0. This incident
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Fig.7 Finite-length pipe geometry.

wave is partly reflected and partly transmitted into the larger sec-
tion of the pipework channel (where y, > 0). The transmitted wave
propagates from left to right toward the end of the pipework system
at y; = L. There it is reflected back toward the expansion forming
a second incident sound wave Cy. Just as for the infinite pipe prob-
lem, there is a mean flow passing through the system from left to
right. Provided kH < 7 and kL is large, the reflected wave Cy will
be planarand so entirely equivalentto an incident wave propagating
from y; = +o00. The effect of this second incident wave might be
included into the computational calculation by replacing the nonre-
flecting boundary condition downstream with a reflecting boundary
conditionon y; = L. Alternatively, because we wish to concentrate
our computational resources into the nonlinear flow region and we
can calculate the acoustic waves, we might take the computation
boundary upstream of y;, = L. Then we need to include an analyt-
ical description of the reflection of waves from a specific length
channel. This will, of course, be related to the outgoing wave at an
earlier time. Alternatively, we can use a consequence that is evident
in the analytical model.

The effects of the finite length channels become fully evident
through the analytical model. An incoming wave from y, — +o00 is
represented, in the ¢ plane as a sink at  =0. This second incident
sound wave then also sheds vorticity at the lip of the expansion but
of opposite phase to the wave incident from y; — —oo . Hence the
vorticity strength is proportional to the vorticity strength already
found for the infinite pipe system, the coefficient of proportionality
being (By — Cp)/ By. The significance of this is that the radiated
sound field for any length pipes is easily derived from the solution
for the infinite pipes. This factcan be used to calculatethe sound field
from the computational calculation for the infinite pipes without
performing a second calculation.

The absorption coefficient definition must now be altered to ac-
count for the second incident sound wave. Thus we have

LAy + DAy = Ligw Ay = DoAs

A 54
t LinAy + LA, >4
where
/2_ B/2
Ly = ’;‘:(1 + M)t =l (55)
/2_ B/Z
Ly = %(1 - My = e (56)
12 B/Z
Liow = %(1 - M)t = (57)
12 B/Z
D = %(1 M) = (58)

We now compare the predicted absorption coefficients with experi-
mental measurements.

VII. Comparison with Experiment

The arrangementfor the experimental setupis illustratedin Fig. 8.
This is not drawn to scale. Ambient air enters a rectangularchannel
oflength 0.5 m, height 0.05 m, and width 0.05 m, through a smooth
bellmouth. There is an abrupt area change into a second channel of
length 1 m, height0.067 m, and width 0.05 m, forming a backward-
facing step asillustratedin Fig. 8. The two channelsare connectedin
such a way that the only change between the two is a sudden change
inheight. The second channelis connectedto an axial blower thatin-
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Fig.8 Experimental setup for the two-dimensional channels.

ducesthe steady flow. The mean flow is measured at the inlet, 0.02 m
downstreamof the bellmouth, using a hot wire to an accuracy of 3%.

The displacement thickness at the step is found to be approxi-
mately 3.5 mm. The analytical model in Eq. (31) requires that the
mean flow boundary layer is much thicker than the acoustic shear
layer, i.e., much greater than the Stokes layer (2v/w)'/2. For the
lowest frequency of interest in the experiment, 70 Hz, this gives an
estimated acoustic shear layer thickness of 0.2 mm. Thus the thick-
ness of the mean shear layer is larger than the acoustic shear layer
by at least a factor of 20.

The representationtheory describedin Sec. Il requiresa low Mach
number so that terms of order M2 may be neglected. Here, as in
the computation, we use a Mach number of 0.25, which is close
to the maximum Mach number we could use and still make this
approximation.

Acoustic waves are generated by an arrangement of four loud-
speakersat theinlet of the pipe system, as shownin Fig. 8. This loud-
speakersystemis excited at a single frequency providingan incident
sound wave that propagates through the pipework system from left
to right toward the expansion. The frequency range is from 70 to
300 Hz. The largest frequency (300 Hz) correspondsto a Helmholtz
number (based on the large pipe height) kH of 0.362 (). Hence
the higher-order modes, for which n >1, decay very rapidly (the
n =1 mode decays by 20 dB within 42 mm in the larger pipe and
within 36 mm in the smaller pipe).

The pressure waves in both pipes are measured by three micro-
phones in each pipe. The six microphones are connected to a com-
puter (as illustrated in Fig. 8) that calculates the auto- and cross-
spectral densities of the pressures measured by the microphones.
Seybert and Ross®* show that the left and right propagatingacoustic
waves can be related to these spectral densities. The microphones
are calibrated as suggested by Seybert and Ross.>* Using three mi-
crophones in each pipe serves as a check that only plane waves
are propagating because each pair of microphonesin a given pipe
should yield the same forward and reverse propagating waves. The
phase between the waves in each pipe is calculated by taking read-
ings with one microphone in each pipe. At each frequency checks
were made that the readings varied linearly with incident wave am-
plitude. When this was not the case, the incident wave magnitude
was reduced to move the readings into the linear regime.

The spacing of the microphones in each pipe requires careful
thought. Seybert and Soenarko® show that the spacing should be
keptsmall, in particularkd < 7, where d is the microphonespacing,
to achieve high coherence. The microphone spacing must not be too
small, however, otherwise the readings taken from them will be
effectively of the same pressures for low frequency, for which the
wavelength is large. A compromise of 0.1 m is therefore taken.
The microphones are also placed sufficiently far from the ends of
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the pipes that only plane waves are propagating. Here they are a
distance 0.2 m from the end of the first pipe (so the first mode has
decayed by at least 125 dB) and a distance 0.3 m from the end of
the second pipe (so the first mode has decayed by at least 138 dB)
at the nearest microphone.

The ratio of the left- and right-travelingsound waves is measured
in the larger pipe, and thus the reflection coefficient from the duct
exit at yy =L, R;, is determined. This can then be used in the
calculation to convert the semi-infinite pipe calculations to finite-
length pipe calculations:

Co(w) =R, T/By = R, (T;yBy + R;;Cy) (59)

Ty

T, L
=T/ (w) T—R,R, (60)
Ry(®) = Ry + T;,(Co/ By) (61)
Ry(1 = Ry Ry) + TiT R,
R, =

=R () T—R,R. (62)

Ty
Co(w) =R, T-R.R. By (63)

where T and R; are the stagnationenthalpy transmissionand reflec-
tion coefficients, respectively, for an incident wave traveling from
left to right from y; = —o0 in semi-infinite channels; 7;; and R;, are
the stagnation enthalpy transmission and reflection coefficients for
an incident wave traveling from right to left from y, =00 in semi-
infinite channels; and 7 () and R () are the stagnationenthalpy
transmission and reflection coefficients for finite-length channels.
For these relations to hold R;, the stagnation enthalpy reflection
coefficient for the end of the channel must be expressed in terms of
sound waves at y; =0.

Figure 9 shows the comparison between the numerical (0), ana-
lytical (—), and experimental (+) results for the absorption coeffi-
cient A, in finite-length pipes with a mean flow Mach number of
0.25. Only the computational calculations made using the compact
Green’s functions are shown.

The graphfor the absorption coefficient has three maxima at three
different Strouhal numbers. Because absorption in infinite chan-
nels occurs over a fairly wide range of Strouhal numbers, all three
maxima correspond to enhancement of the absorption process by
half wavelength resonances in the second pipe. Note that all three
represent significant absorption (55-65%, 65-80%, and 35-45%,
respectively). Thus resonance in the second pipe can significantly
enhance the absorption. Note also that the second, at a Strouhal
number based upon step height of 0.052, gives a larger absorption
coefficient than the other two. The probable reason for this is that

Absorption coefficient

02 I L I L
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

Strouhal number based upon step height

Fig. 9 Comparison between the calculated and measured absorption
coefficients for finite-length pipesat M = 0.25,H/h =1.35,L/h = 50: 3
analytical calculation; O, numerical calculation; and + , experimental
results.

the natural absorptionin infinite pipesis larger at this Strouhal num-
ber. At frequencies corresponding to odd multiples of one-quarter
wavelengthsin the small pipe (Strouhal numbers of 0.0135,0.0405,
0.0675, and 0.0945), the absorption drops to zero and then goes
negative, as seen in Fig. 9. Zero absorption occurs when C, equals
By, and so no vorticity is shed from the lip. At these Strouhal num-
bers the linear effect of vortex shedding is small, and so nonlinear
effects dominate. Although checks were carried out to reduce this,
the scatter in the readings may be partly a result of this. Moreover,
the lower amplitude of the incident wave allows other effects, such
as the turbulence, to have a proportionally larger effect.

The agreementbetween the experimental data and the two calcu-
lationsis very encouraging.The Strouhal numbers correspondingto
the three maxima agree to within 4%. The magnitude of absorption
coefficient at the maxima also agree to within 5% for the first two
maxima, with both the computation and the analytical calculation
data points falling within the experimental data points, suggesting
that the predictions are within experimental errors. At a Strouhal
number of 0.078, the agreement is less good, but still within 10%.
The analytical solution does, however, predict broader peaks just as
it did in the calculation for semi-infinite ducts in Fig. 5.

VIII. Conclusions

In this paper we have discussed the use of the compact Green’s
function in calculating the sound absorbed when an incident sound
wave propagatespast a sudden area expansionin a two-dimensional
channel in the presence of a mean flow. In particular we note that
this Green function emphasizes the effect of sources near the lip
of the expansion on the radiated far-field sound. As a result, the
description of the main acoustic source, the vorticity field, can be
relatively crude providedit is accurate near the lip of the expansion.
Indeed, good agreement is found with the experimenteven though a
very crude turbulencemodel was used. We have also investigatedthe
use of two other Green’s functions based on the modes of straight-
walled semi-infinite pipes. These can also be used in a formally
exactacoustic analogy, but one that now involves additional surface
terms at the expansion. However, we find these formulations to be
more prone to errors in the source terms, and recommend the use of
a compact Green’s function. Our infinite pipe predictions suggest
that a backward-facing step is a modest absorber of sound, with a
maximum absorption coefficient of about 0.3 over a broad range
of Strouhal numbers (based upon step height) of between about
0.03 and 0.1, with a maximum absorption at a Strouhal number
of about 0.07. We have extended the analysis to include the effect
of pipe resonances, noting that very high absorption is found near
half-wavelength resonances. Both the numerical and the analyti-
cal calculation using the compact Green’s function give reasonable
agreement with the experiment except near one-quarter wavelength
resonances, where the theoretical absorption drops to zero and so
the nonlinear effects become more important in the experiment.

Appendix: Derivation of the Compact Green’s Function

We wish to determine an approximatesolutionto Eq. (23), subject
to the boundary conditions (24) and (25). To eliminate the steady
potential flow velocity U from Eq. (23), we follow the approach of
Howe!” and rewrite G in new variables Y, X, 7/, and ¢’ defined by
Taylor’s transformation (see Ref. 25):

Y =y, =1+ §(y)/c? (A1)
X =x, t=t+ $(x)/c? (A2)
GX, /'Y, 7)=G(x,t ]y 1) (A3)

where @(y) is the potential for the hypotheticalvelocity field U. It is
again convenientto work in the frequency domain, and so we write

1 N
GX, /'Y, v)= 2—/ GX,t' | Y, o) exp(iot’) do
7

[}

G exp(iwt') is the response to a harmonic source of angular fre-
quency . We will calculate G, the low-frequency form of G (i.e.,
kH < 1).
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kixil>1,1vi>n

We initiallyrestrictour attentionto cases when both the observer’s
positionis far fromthe step, i.e., k| X | > 1,and when Y isaway from
X and the junction, i.e., |X — Y|>h, |Y,| > h. Then the Green’s
function consists of plane waves, and its determination is straight-
forward.

ForkX, < —1:

G.expliot) = Aexplio(z’ — t){exp(ik|X, — Y,])

+ Ry exp[—ik(X; + Y]} Y, <0 (A4)

= AT, explio(z’ — t')]exp[—ik(X, — ¥))]
0K (A5)
and for kX, >1:
G.expliot) = Bexplio(r' — t){exp(—ik|X, — Y,|)

+ Ryexplik(X, + YDI} (IR 9 ¢ (A6)

= BT, explio(t' — t')]explik(X, — Y))]

Y <0 (A7)

where R; and 7| are the plane wave stagnation enthalpy reflection
and transmission coefficients for an incident wave from X; <0,
respectively, whereas R, and 7, are the corresponding reflection
and transmission coefficients for an incident wave from X; > 0. In
the precedingexpressionsthe comparisonis with the channelheight
and not the wavelength, and so X <Y, means that ¥, — X, is large
in comparison with H and not necessarily in comparison with ¢/ .

R\, R,, T), T, in the transformed variables X, Y, ¢/, and 7’ are
as for the normal case of plane waves transmitted across an area
change®:

R, =(h— H)/(h + H), T, =2h/(h + H)

R, =(H —h)/(h+ H), T, =2H/(h + H) (A8)

The constants A and B in Eqs. (A4-A7) can be determined by
integration of Eq. (23) across the singularity, which leads to'®
A=-—1/2ikhand B=-1/2ikH.

When rewritten in terms of x, y, ¢, and 7, these equations give

(A?L. exp(iwt)

2ikh

explio(r — H]explikM(y; — x)]

+h

. h .
X {eXP(lk|Y1 - x|+ 7 exp[—ik(y; + xl)]}

X1, )1 <<0 (Ag)

= 2;{; explio(z — 1)]explikMy(y, — x)]

+h

. H .
X {eXP(—lk|Y1 - x|+ 7 explik(y, + xl)]}

0<kx,y (A10)

li o ] ikx, iky,
i -
explio(t exp M exp A

X K0y (ALID

li o ] ikx, —iky,
i -
explio(t exp A exp TF M

V<0< x (Al2)

-1
ik(H + h)

-1
ik(H + h)

k|X;| > 1, Y in Near Field

Near the junction k|Y;| <1, the wave equation reduces to the
incompressible form V2G, =0 with 8 G./dn =0 on all rigid walls.
Thus if @(Y) is the potential flow solution for flow pasta backward-
facing step that asymptotes to the same solution as the outer form
shown for k|Y;| < 1, but |Y;| > H (Ref. 27), i.e.,

® — (H/h)Y, as Y, — —o
D — Yl as Y1—> + o0 (AIS)
then in the region k|¥;| <1, G, takes the form

explio(t’ — ') —kX,]

G.expliot) = [1+ik®(Y)]

ik(H + h)
X, <0 (Al14)
_ exp[inT/ — 1) +kX] [ik£CD(Y) B 1]
ik(H + h) H
0k X, (Al15)

Finally, rewriting in terms of x, y, , 7,

expliolt — t — x;/c(1 — Mp)])
ik(H + )

G. explior) = —

X [1 + ikd(y)] X <0 (A16)

_expliofr =t +x/c(l + My}
- ik(H + h)

X 11 'thD
— ik »

correct to order M2. @ is given by Eq. (28). The compact Green’s
function for x; in the far field and y in the near field is given by
substitution for @ from Eq. (28) into Eqs. (A14-A17):

0 < x (A17)

_expliofr — 1 — xi/c(1 - My]}
ik(H + 1)

X (1 + ikE (anc)
T

_ _expliolt — 1 + xi/c(1 + My)]}
= ik(H + 1)

X (1 - ikh—H (anc)
T

X and Y in the Near Field

To obtain the form of G, for X in the near field, we need to know
the G. field at Y causedby asinkat X. When both Y and X are in the
near field, this is essentially the solution to the incompressible prob-
lem02G,./2Y;0Y; = 8(X —Y). The coefficients can be obtained by
matching the form of this for |Y;|/ H — +oo (butk|Y;| < 1) to in-
ward propagating waves. Figure 2 depicts the inner flow region in
which | X | and |Y;| are both small. The distance L, shown, is as-
sumed to be small in comparison with the wavelength but large in
comparison with H. On the edge of this region, the Y, dependence
is taken to be C exp[jo(t’ — )](1 — jwY,/c) for ¥} <0 and to
be Dexpljo(r’ — t")](1 + jwY,/c) for Y; > 0. Here j represents
/—1andis used to distinguishit from i/ used in the conformal trans-
formation. In the inner flowfield G, satisfies Laplace’s equationand
takes the form

G. expior) =

X <0 (A18)

0<Kx (A19)

W= B(E—E)
2r 2r

G.(¢|¢)exp(jot) = R[

+u% + E]exp[ja)(r’ -] (A20)
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We can now find C, D, u, and E by matching at ¥, — —oco and
Y, — oo, noting that o — 7z/has Y — —oo and bl — 7wz/H
as Y, — oo. The resultis

C = 1 H |
T jk(H + h) H+h) 2n

D = ( h )e‘”lg‘lz — = ! (A21)
H+h 2w jk(H + h)

(. h RGP 1
“\H+h) 2x jk(H + h)

. h E"”lg\'l2
+ jkH (H 7 )T (A22)

H=H+n

The form of G. for X in the near field and Y in the far field can
be obtained from Eq. (A21). When rewritten in terms of x, ¢, y, 7,
itis

G.explint) = explio(t — 1)]

-1
ik(H + h)

—iky . H
Xexp[m](l + lk; Eng\,)

GL. expior) =

Y <0 (A23)

L explio(s - 0]
mexpla)(r )

+iky, h
_Tn —ik—
><exp|:c(1 ) (1 tk— ﬁan)

Finally, we note that the asymptotic forms for G, from Eqgs. (A20)
and (A22) for ¢/w>>|Y;l, |X,|> H match those obtained from
Egs. (A18), (A19), (A11), and (A12).

0<Y, (A24)
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